The standard models contain chiral fermions coupled to gauge theory. It has been a long-standing problem to give such gauged chiral fermion theories a non-perturbative definition. Based on the classification of quantum anomalies and symmetric invertible topological orders via a mathematical cobordism theorem, and the existence of non-perturbative interactions gapping the mirror world's chiral fermions for any all-anomaly-free theory, here we show rigorously that the standard models from the SO(10) and SO(18) grand unifications (more precisely, Spin(10) and Spin(18) chiral gauge theories) can be defined non-perturbatively via a 3+1D local lattice model of bosons or qubits, while the standard models from the SU(5) grand unification can be realized by a 3+1D local lattice model of fermions. This represents a unification of Matters and Forces by Quantum Information.
The standard models, 1-3 U(1) × SU(2) × SU(3) gauge theories coupled to fermions and bosons, are believed to describes elementary particles. In the standard standard model, there are 15 of 2-component Weyl fermions per family. There are also non-standard standard model, such as the one from the SO(10) grand unification 4 which has 16 Weyl fermions per family. But for a long time, the standard models were only defined via perturbative expansion, which is known not to converge. So the standard models were not well-defined quantum theories. This is the long-standing gauged chiral fermion problem: how to define a chiral fermion theory 5 coupled to gauge field, non-perturbatively and in the same dimension, as a welldefined quantum theory with a finite dimensional Hilbert space for a finite-size system. In this work, we use the term gauged chiral fermion theory to mean chiral fermion theory coupled to a non-dynamical background gauge field. In fact, the gauge theories focused in this article are mostly non-dynamical, unless mentioned otherwise.
There were many previous unsuccessful attempts, such as lattice gauge approach, 6, 7 Ginsparg-Wilson fermion approach, 8 Domain-wall fermion approach, 9, 10 and Overlap-fermion approach. 11, 12 In the GinspargWilson fermion approach the to-be-gauged symmetry is not an on-site symmetry, [13] [14] [15] [16] and cannot be gauged. In the Domain-wall fermion approach, we have an extra dimension, where the dynamical gauge fields can propagate, which is inconsistent with experiments. The overlap-fermion approach is a reformulation of domainwall fermion approach and also encounter problems.
In this work, we aim to show that the gauged chiral fermion problem in both the 16-fermion and the 15-fermion standard models can be solved via a generalized lattice gauge approach. In the standard lattice gauge approach, the fermions do not interact directly. The generalized lattice gauge approach simply adds an extra direct fermion interaction, or an indirect fermion interaction via some Higgs fields. This generalized lattice gauge approach (which is referred as the mirror fermion approach) was proposed in 1986. 17, 18 In such an approach, one starts with a lattice model containing chiral fermions (the normal sector) and a chiral conjugated mirror sector, with a to-be-gauged symmetry acting as an on-site symmetry. Then, one includes a proper fermion interaction 19, 20 trying to gap out the mirror sector completely, without breaking the on-site symmetry and without affecting the low energy properties. Last, one can gauge the on-site symmetry to obtain a gauged chiral fermion theory, regularized by a lattice model. However, the extensive studies on the mirror fermion proposal [21] [22] [23] [24] failed to demonstrate that interactions can fully gap out the mirror sector without breaking the symmetry and without modifying the low energy dynamics of the normal sector. It was pointed out in Ref. 25 that "attempts to decouple lattice fermion doubles by the method of Swift and Smit cannot succeed." As a result, many people gave up the mirror fermion approach.
Recently, Ref. 26 claimed that any theory that is free of all anomalies can be realized by a local lattice model in the same dimension via an approach similar to the mirror fermion approach. (In this work, a local lattice model is a lattice model of bosons and/or fermions with short-range interactions and a tensor-product structured Hilbert space.) Such a result is obtained from a classifying understanding of anomalies. Anomaly is a property of an anomalous theory that seems not well-defined. How to classify a property of not-well-defined theories? The anomaly inflow picture relates anomalous field theories to the boundary of other field theories in one higher dimension.
27,28 Ref. 29 systematically described anomalies in field theories in terms of topological invariants in one higher dimensions (such as the indices of linear operators), which turn out to be cobordism invariants. 30 However, to construct a lattice regularization of a field theory, we need to relate anomalies to lattice models. This was done in Ref. 31 , where the lattice relation allows us to classify anomalies.
To describe the result in Ref. 31 , we need to introduce a few concepts. There are anomalous theories that can be realized as the low energy effective boundary theory of a gapped local lattice model in one higher dimension, where the global symmetry, if any, is realized as an on-site symmetry. We will call this kind of anomalies b-anomalies. There are also anomalous theories that cannot be realarXiv:1809.11171v2 [hep-th] 11 Oct 2018 ized as the low energy effective boundary theory of any gapped local lattice model in one higher dimension. We will call this kind of anomalies r-anomalies. There are invertible anomalies that can be canceled by other anomalies. (The anomalies discussed in field theory literature are mostly invertible anomalies.) There are also noninvertible anomalies that cannot be canceled by any other anomalies. There are bosonic anomalies where the local operators in the corresponding anomalous theories are all bosonic. There are fermionic anomalies where some local operators in the corresponding anomalous theories are fermionic. For example, a 1+1D chiral Weyl fermion theory H = iψ † ∂ x ψ has a fermionic invertible b-anomaly. A 3+1D Weyl fermion doublet coupled to a dynamical SU(2) gauge field has the Witten SU(2) anomaly, 32 which is a bosonic invertible r-anomaly. It is bosonic since all the local operators are gauge invariant and bosonic. It is a r-anomaly, since the Weyl fermion coupled to SU(2) gauge theory cannot be realized as a boundary of any gapped local bosonic lattice model. 33 A Z 2 gauge theory in 2+1D or above with only Z 2 charge excitations has a bosonic non-invertible b-anomaly, realized as a boundary theory of a one-higher-dimensional Z 2 gauge theory.
The classification in Ref. 31 is a classification of all b-anomalies in term of the topological orders 34 or symmetry protected topological (SPT) orders 13, 14, 35 in local lattice models in one higher dimension. A b-anomaly is invertible if it is characterized by an SPT order or an invertible topological order [36] [37] [38] [39] in one higher dimension. In this work, we will only discuss invertible b-anomalies. From now on, by anomalous field theory, we will mean field theory with an invertible b-anomaly.
According to the above classification, an anomaly-free field theory is nothing but a boundary theory of a trivial tensor product state on one-higher-dimension lattice. The generalization of anomaly inflow to lattice is crucial to obtain this result, since some of the key concepts, like tensor product state and on-site symmetry, require a lattice to define. This result can be used to solve gauged chiral fermion problem via the mirror fermion approach: In fact, we can choose the d + 1D lattice model to be a slab of the d + 2D lattice model with a finite number of layers in the extra dimension. In such a model, the normal sector lives on one surface of the slab and the mirror sector lives on the other surface of the slab. If the normal sector is free of all anomalies, it implies that the d + 2D bulk is actually a trivial phase (i.e. a tensor product state). If so, the mirror sector can be fully gapped out without breaking the on-site symmetry and without generating a boundary topological order.
16,40 Last, we gauge the on-site symmetry to obtain a gauged chiral fermion theory. Since the d + 2D slab has only a few layers, the d + 2D slab is actually a d + 1D lattice model with a few orbitals per site. Thus any gauged chiral fermion theory, that can be realized as the low energy effective boundary theory of a gapped local lattice model in one higher dimension, can be realized as the low energy effective theory of a local lattice model in the same dimension, as long as the theory is free of ALL anomalies. 26 We remark that for certain amonalous d + 1D chiral fermion theory with gauge group G g , their corresponding d + 2D topological/SPT orders can have a gapped boundary that does not break the G g symmetry, but has a non-trivial boundary topological order. 16, 40 For such an amonalous chiral fermion theory, we can have a lattice model in the same dimension that exactly realizes all the low energy particles of the amonalous chiral fermion theories. However, the full low energy effective theory of the lattice model will contain an extra gauge group G extra (in additional to G g ) prescribing the non-trivial boundary topological order. Thus, if we only concern about low energy particles, even some amonalous gauged chiral fermion theories can be regularized by lattice models in the same dimension. 26 But the lattice models will also produce an extra G extra -gauge theory with no low energy particles.
The 16-fermion standard model can be obtained from a 3+1D Spin(10) chiral gauge theory, coupled to Weyl fermions in the 16-dimensional representations of Spin (10) . Such a Spin(10) chiral gauge theory is free of all perturbative anomalies. [41] [42] [43] But it is not clear if the theory is free of all other non-perturbative anomalies or not. Ref. 26 provides an argument that the Spin(10) chiral gauge theory is free of all anomalies, by proposing a sufficient condition: A gauged chiral fermion theory in d + 1-dimensional spacetime with a gauge group G g is free of all anomalies if (0) it can be realized as a low energy effective boundary theory of a gapped local lattice model in one higher dimension, (1) there exist a non-zero Higgs field that makes all the fermions massive, and (2)
where G grnd is the unbroken gauge symmetry group for the non-zero Higgs field. The chiral fermions satisfying the above conditions can be gapped out by a direct or a boson-induced interaction without breaking the symmetry even when the fermion mass term is forbidden by the symmetry. This new mechanism to give fermions a mass is referred as "mass without mass term."
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But the above argument is based on an assumption that a smooth orientation fluctuation of Higgs field can give rise to a symmetric disordered phase. Such an assumption is examined in Ref. 45 for a 1+1D model. Some other related approaches have also been proposed. 15, 44, [46] [47] [48] In this work, we will show rigorously that the above Spin(10) chiral gauge theory is indeed free of all anomalies and can be defined on a 3+1D lattice.
A 3+1D two-component Weyl fermion can be realized at the boundary of a fermion hopping model on a 4d spatial cubic lattice with a Hamiltonian operator
which has 4 fermion orbital per site (a, b = 1, · · · , 4). The 4 × 4 hopping matrices t ij are given by
(in the momentum k-space), where
If the 4d lattice is formed by two layers 3d cubic lattices, the one-body Hamiltonian in the (k 1 , k 2 , k 3 )-space is given by the following 8-by-8 matrix
, where
One can directly check that the above 3d fermion hopping model gives rise to one two-component massless Weyl fermion on each of the two surfaces of the 4d lattice. The Weyl fermion on one boundary is a left-hand Weyl fermion and on the other boundary is a right-hand Weyl fermion. 16 copies of the lattice model (2) give rise to the 3+1D Weyl fermions in the 16-dimension representation of Spin(10) on the lattice boundary. The 4d hopping model (16 copies of (2)) gives rise to a non-trivial 4+1D Spin(10)-SPT order for non-interacting electrons. 49 But such a state may correspond to a trivial interacting fermionic Spin(10)-SPT order. If so, the 3+1D Spin(10) chiral Weyl fermions will be free of all anomalies. To address this issue, we use a recent complete classification [50] [51] [52] [53] of fermionic invertible topological orders on lattice with on-site symmetry, via spin cobordism theory. This classification includes all interacting fermionic SPT orders. [54] [55] [56] [57] [58] We first note that, for fermions with internal symmetry G g in D spacetime dimensions, they transform as G =
under the combined spacetime rotation and internal G g transformation, where a double counted fermion parity symmetry Z f 2 is mod out. We find that 4+1D fermionic invertible topological orders with Spin(N ) on-site symmetry (N ≥ 7) are classified by the 5-th cobordism group: 
where w n (T M ) is the n th -Stiefel-Whitney class 64 for the tangent bundle of 4 + 1D spacetime M 5 . We note that on M 5 , we have a
connection -a mixed gravitational and gauge connection, rather than the pure gravitational Spin(D = 5) connection, such that w 2 (T M ) = w 2 (V SO(N ) ) and w 3 (T M ) = w 3 (V SO(N ) ), where w n (V SO(N ) ) is the n th -Stiefel-Whitney class for an SO(N ) gauge bundle. Thus, M 5 may not be a spin manifold with w 2 (T M ) = 0. We see that the topological state requiring the Spin(N ) symmetry is a Spin(N )-SPT order. The boundary of this Spin(N )-SPT order has a mixed anomaly of SO(N )-gauge bundle and spacetime geometry/gravity. Namely, we find that there is only one 3+1D anomaly for fermion systems with Spin(N ) symmetry (N ≥ 7), which is a non-perturbative mixed anomaly characterized by e i π M 5 w2(T M )w3(T M ) . For a 3+1D Spin(N ) chiral gauge theory coupled to Weyl fermions in the spinor representation, we like to know if it has such a mixed anomaly. Here we use a fact that the mixed anomaly can be detected by restricting to a SU(2) = Spin(3) subgroup of Spin(N ). 33 To see how the representation of Spin(N ) reduces to the representations of SU(2) = Spin(3), let us describe the representation of Spin(N ) (the spinor representation of Spin(N )), assuming N = even. We first introduce γ-matrices γ a , a = 1, · · · , N :
, which satisfy {γ a , γ b } = 2δ ab and γ † a = γ a . Here σ 0 is the 2-by-2 identity matrix and σ l , l = 1, 2, 3 are the Pauli matrices. The
N/2 -dimensional representation of Spin(N ). The above 2 N/2 -dimensional representation is reducible. To obtain irreducible representation, we introduce
We have (γ FIVE ) 2 = 1, Trγ FIVE = 0, and {γ FIVE , γ a } = [γ FIVE , γ ab ] = 0. This allows us to obtain two 2 N/2 /2-dimensional irreducible representations: one for γ FIVE = 1 and the other for γ FIVE = −1. Now, let us consider an SU(2) = Spin(3) subgroup of Spin(N ), generated by γ 12 
where Arf is the Arf invariant, 65 which characterizes the 1+1D fermionic chain whose open ends host Majorana zero modes. 66 When N ≥ 8, the number of isospin-1/2 representations is even. Thus, for an even N ≥ 8, a 3+1D Spin(N ) chiral gauge theory coupled to Weyl fermions in the 2 N/2 /2-dimensional representation does not have any anomaly, and it can be regularized by a lattice model in the same dimension. In contrast, a 3+1D Spin(4) chiral gauge theory coupled to Weyl fermions in the 2-dimensional representation has the Witten SU (2) anomaly.
We remark that in this work, we only prove that there exists a symmetric short ranged interaction that can fully gap out the mirror sector without breaking the Spin (10) symmetry. Our approach only shows such an interaction does exist, but does not provide a prescription to design such an interaction. The approach in Ref. 26 and 45 provides a design: the interaction in the mirror sector is given by smooth orientation fluctuations of Higgs field (thus beyond the Higgs mechanism 16, 44 ), where a constant orientation will gap out all the mirror fermions. But the validity of the design requires confirmation by numerical simulations. A first step is taken in Ref. 45 for a 1+1D system. In such a design, it is crucial that the mass of the mirror fermions induced by the Higgs field is comparable with the fermion band width. Many previous calculations 23, 24 checking the mirror fermion approach choose an induced mass to be much bigger than the band width (the infinity coupling limit), which will fail to produce a chiral gauge theory at low energies.
Above we have discussed the lattice regularization of a Spin(10) chiral gauge theory. To consider a lattice regularization of a SU(5) gauged chiral fermion theory, we classify the 4+1D invertible fermionic topological order with Z f 2 × SU(5) symmetry by a cobordism group:
where the topological invariant is given by the SU(5) Chern-Simons 5-form, associated to perturbative anomalies captured by Feynman diagram calculations. Thus any SU(5) gauge theory coupled to chiral fermions, that can be realized at the boundary of a 4+1D gapped local lattice model, can be realized by a 3+1D local lattice model, provided that the SU(5) gauge theory is free of the SU (5) perturbative anomalies. In particular, the SU(5) grand unified theory 67 can be regularized by a lattice. This implies that the 15-fermion standard model can be regularized by a lattice. By far we only show that anomaly-free gauged chiral fermion theories can be defined on the lattice with nondynamical gauge fields, realized with on-site symmetries in its own dimensions. However, we can obtain a dynamical chiral gauge theory by dynamically gauging the on-site symmetry -introducing dynamical gauge link variables between local sites (e.g. dynamically sum over gauge inequivalent configurations in the partition function). We emphasize if all gauge invariant operators are bosonic, the above dynamical lattice gauge theory coupled to fermions is actually a local lattice bosonic model in disguise, as one can see from the slave-particle/parton approach.
68-72
We remark that the dynamical Spin(10) chiral gauge theory coupled to Weyl fermions in the 16-dimensional representation is a local bosonic theory, since all gauge invariant operators are bosonic. The lattice model that realizes the dynamical Spin(10) chiral gauge theory is also a local bosonic model (see Appendix A). In other words, the Spin(10) dynamical chiral gauge theory with Weyl fermions in 16-dimensional representation, and the induced 16-fermion standard model, can be realized as the low energy effective theory of a local lattice model of qubits (since any local bosonic lattice model can be viewed as a lattice model of qubits). Based on the stability of cobordism group of eqn. (4), our result directly applies to a Spin(18) chiral gauge theory, 44, 73 which is also a local bosonic model. Thus our study implies that all elementary particles (except the graviton) can be viewed as originated from qubits. [74] [75] [76] It is a concrete realization of "it from qubit,"
77 representing a unification of all gauge interactions and matter fermions in term of quantum information (i.e. qubits).
The statement that all elementary particles arise from bosonic qubits has a falsifiable experimental prediction: all fermions and their fermionic bound states must carry non-trivial gauge charge. 71, 78 As a result, the "standard model" from a lattice qubit model cannot just have U(1) × SU(2) × SU(3) gauge group, since such a standard model indeed has fermionic bound states that carry no gauge charge. Thus, the "standard model" from a lattice qubit model must have a larger gauge group, e.g. a new Z 2 gauge sector, where we gain a new cosmic string (worldsheet) -the flux line of the new Z 2 gauge field.
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In contrast, the dynamical SU(5) chiral gauge theory coupled to Weyl fermions in the 5-and 10-dimensional representations is a fermionic theory, since some gauge invariant operators are fermionic. The lattice model that realizes the dynamical SU(5) chiral gauge theory is also a local fermionic model (which is not a local lattice model of qubits). The standard model from local fermionic lattice models can have U(1) × SU(2) × SU(3) as its gauge group. It does not require extra gauge groups.
Lastly we comment about the dynamics of these dynamical chiral gauge theories (as highly long-range entangled states). At low energy of these chiral gauge theories, there could be emergent symmetries (e.g. higher-form symmetries 80 ) having new 't Hooft anomalies. However, emergent new anomalies only mean the emergent symmetries cannot be strictly regularized locally on-site, which, we emphasize, is a rather distinct issue deviated from regularizing chiral fermion/gauge theories which we solved earlier. After regularizing chiral fermion/gauge theories on a lattice, and after dynamically gauging, the emergent anomalies only constrain the dynamics of gauge theories (e.g. gapless near a quantum critical fixed point, or emergent symmetry spontaneously broken, etc.). We aim to address the dynamics of gauge theories in future work.
We Below we will use the slave-particle/parton approach [68] [69] [70] to explicitly construct a 4+1D local bosonic lattice model, whose boundary can give rise to the dynamical Spin(10) chiral gauge theory coupled to Weyl fermions in the 16-dimensional representation. We start with a fermionic model on a 4d cubic lattice. On each site we have 10N f complex fermionsψ α,m , α = 1, · · · , 10, m = 1, · · · , N f . So on each side, there are 2 16N f states. Now we project into the even fermion subspace on each site, and turn the fermionic model into a bosonic model with 2 16N f −1 states per site. The Hamiltonian for such a bosonic model is given bŷ 
The ground state is given by A ij = 0. The emergent fermions are in a fully gapped product state and the bosonic modelĤ 1 gives rise to a U(16) gauge theory at low energies. Next we reduce the U(16) gauge theory to Spin(10) gauge theory by adding a term Nsite local symmetry where the fermions ψ α,m,i form the 16-dimensional spinor representation. Γ αβγλ is the antisymmetric tensor which is invariant under the Spin(10) transformations. The 4+1D bosonic model H 1 +Ĥ 2 will give rise to an emergent Spin(10) gauge theory with the fermions in a fully gapped product state. Those fermions are also gapped on the boundary.
To have gapless Weyl fermions on the boundary, we add the third term 
Now on each site we have fermionsψ α,m andĉ α,a , but we still project into the subspace with even fermion per site. H 1 +Ĥ 2 +Ĥ 3 acts within this subspace. So the model is still a lattice bosonic model. When t ij is given by eqn. (2), the modelĤ 1 +Ĥ 2 +Ĥ 3 will give rise to emergent massless Weyl fermions on the boundary coupled to the Spin(10) gauge field. Consider a 4+1D slab of the local bosonic lattice model described byĤ 1 +Ĥ 2 +Ĥ 3 . We have shown that there exists a boundary interaction, that allows us to gap out the boundary Weyl fermions (without inducing a boundary 3+1D topological order 16 ) on one of the surfaces of the slab. In this case, the 4+1D slab becomes a 3+1D local bosonic lattice model that realizes a 3+1D dynamical Spin(10) gauge theory coupled to Weyl fermions in the 16-dimensional spinor representation.
